INTRODUCTION
In tiiis paper, we study second-order Gödunov-type central schemes for one-dimensional syslems of hyperboiic conservation laws In [22] , Nessyahu and Tadmor proposed a second-order generalization (the NT scheme) of the LxF scheme. The NT scheme has smaller numerical viscosity and résolves shock waves, raréfactions and contact discontinuities much better than the flrst-order LxF scheme, Higher-order generalizations of the NT scheme were introduced in [3, 17, 21] . We refer the reader to [24, 25] for an alternative staggered approach, and to [1, 2, 9, 18, 19] for examples of central schemes in the multidimensional case. A disadvantage of the staggered central schemes is that their numerical viscosity is proportional to (Ax) 2r / At r where r is the formai order of the scheme. This results in excessive numerical dissipation if a small time step is enforced or a long-time intégration is performed. To overcome this difficulty, a new family of nonstaggered fully-and semi-discrete central schemes has been recently introduced in [11] [12] [13] [14] . The key idea behind their construction is to obtain a more précise estimate of the width of the local Riemann fans by utilizing the maximal local speeds of propagation. This reduces the numerical viscosity to O(At) 2r~1 7 and therefore makes it possible to efficiently use central schemes when the time step is small.
Even though the numerical dissipation of the aforementioned high-order central schemes is small, it is not small enough to provide a satisfactory resolution of contact discontinuities. A possible way to improve the resolution was proposed in [22] . The main idea is to isolate the less expensive characteristic projection on the linear contact field, and to use the component-wise approach for the other, nonlinear fields (see Sect. 4 in [22] ). The effect of this partial characteristic décomposition can be amplified if it is used together with the artificial compression method (ACM), applied to the isolated contact field (see [6, 7, 22] ). The above technique was extended in [20] in the multidimensional case. However, the drawback of using the ACM is that it requires a certain a priori information about the solution in order to détermine the optimal amount of the added "anti-diffusion".
The main purpose of this paper is to present (in the context of nonstaggered schemes from [13, 14] ) an alternative use of the partial characteristic information. First, in Section 2, we dérive a new second-order fully-discrete scheme and then, in Section 3, passing to the limit as At -> 0, we obtain a new second-order semi-discrete scheme. Compared with the schemes from [13, 14] , the proposed schemes have smaller numerical viscosity, which leads to a sharper resolution of contact discontinuities.
In Section 4, we use the partial characteristic décomposition to treat the linear and nonlinear fields separately, and this helps to improve the resolution of the contact waves. At the same time, the numerical examples, presented in Section 5, clearly demonstrate that the reduced numerical dissipation does not influence the stability of the proposed central schemes. We would also like to mention that the computational cost of the partial décomposition, used in the construction of the new schemes, is relatively low. This preserves one of the main advantages of the central schemes -their efficiency.
FULLY-DISCRETE SCHEME
In this section, we dérive a modification of the second-order fully-discrete central-upwind scheme, introduced in [13] . First, we would like to recall the construction of central-upwind schemes (see [13] ), which consist of three consécutive steps -reconstruction, évolution and projection back onto the original grid.
We will consider only uniform grids and use the following notation, Xj := jAx y %j±i -= (j ± 1/2) Aa;, t n := nAt, X := At/Aas, v% « u{x ó ,t n ), and
Ax J
Here, Ax and At are small spatial and time scales, respectively, and u" are the computed cell averages at time level t = t n .
Reconstruction
Assume that at time level t = t n we have computed the cell averages {ü™}. We then reconstruct the second-order piecewise linear interpolant Vj.
(2.1)
To ensure the non-oscillatory nature of this reconstruction, the slopes {s™ } should be computed using a nonlinear limiter. A wide variety of such limiters can be found, for example, in [7, 8, 10, 16, 22, 23] . In the numerical experiments, presented below, we use the so-called minmod limiter [7, 16, 23] where { min{xj}, if Xj > 0 Vj, max{xj}, if Xj < 0 Vj, 0, otherwise. Notice that larger 0's in (2.2) correspond to a less dissipative, but still non-oscillatory reconstruction (2.1). Our expérience shows that in practice the optimal value of 0 for the Euler System of gas dynamics is about 9 = 1.3.
Evolution
The interpolant (2.1) may be discontinuous at the interface points {x J+ i}. These discontinuities propagate with right-and left-sided local speeds, which can be estimated by a + , , := max + {A w (i4(w)),o}, where the solution of (1.1) with the initial data u{x,t n ) is smooth and nonsmooth, respectively. Intégration of (1.1) over these domains together with the midpoint approximation of the flux intégrais, results in the following intermediate cell averages, outlined in Figure 2 .1,
Here, the midpoint values are obtained from the corresponding Taylor expansions,
(2.7)
Note that one can avoid the computation of the Jacobian in (2.7) by using a component-wise évaluation of f X: consult [22] .
Projection
At the final step we take the piecewise This complètes the construction of the second-order central-upwind fully-discrete scheme: (2.2)-(2.7), (2.9).
The key issue, which leaves us an additional degree of freedom, is the choice of the slopes {s'Ti}-This can be done in different ways. For example, following the component-wise approach from [14] , one may take
Ju .
Here, the distances^r a^, ) and are of order Aa: for small At, and thus the slopes s n^{ are proportional to Aw/Ax as At ~ 0. Another choice of s n +i is proposed in (4.2), where the slopes are ~ Aw/At. As it can be seen in Figure 2 .2, both reconstructions are non-oscillatory, but the first one leads to an excessive numerical dissipation, which is amplified when we pass to a semi-discrete limit as At -> 0 (see Sects. 3 and 4). However, the amount of numerical viscosity in the scheme (2.2)-(2.7), (2.9) can be decreased if a partial characteristic information is employed in the computation of the slopes s n^, as described in Section 4. Such an approach leads to a sharper resolution of contact discontinuities, and this can be seen in the numerical examples presented in Section 5.
3. SEMI-DISCRETE SCHEME
In this section, we dérive a family of semi-discrete central-upwind schemes for (1.1), proceeding along the Unes of [13, 14] . From (2.9) we obtain that and we obtain the semi-discrete scheme from [13] . A choice of {s n tj[}, for which results in the semi-discrete scheme (3.4) with a less dissipative numerical flux
Remarks. 1. If the <?j-|_i's are computed component-wise, then the scheme (3.4)-(3.5) is a Godunov-type central scheme, since it is based on intégration over Riemann fans and does not require characteristic décomposition. 2. In the next section, we use a certain (partial) characteristic décomposition to obtain a semi-discrete scheme (3.4), (3.7) with nonzero ç J+ i's. This will give a stable semi-discrete scheme, which will be less dissipative than the scheme (3.4)-(3.6), and will provide a higher resolution of contact waves. 3. Any stable ODE solver of an appropriate order can be used for the time discretization of the semi-discrete scheme (3.4)-(3.5). In the numerical examples below, we have used the second-order modifled Euler method. 4. Instead of (2.1), one may use a higher-order non-oscillatory piecewise polynomial reconstruction, which will resuit in a higher-order semi-discrete scheme (for details, consult [13] ).
PARTIAL CHARACTERISTIC DÉCOMPOSITION
As we have already mentioned } the fully-discrete scheme (2.2)-(2.7), (2.9) and the semi-discrete scheme (3.4)-(3.5) have a degree of freedom in choosing the slopes {s n^l } in (2.9) and (3.5), respectively. A possible choice Obviously, the scheme (3.4), (4.3) has less dissipation than the central-upwind scheme (3.4)-(3.6), but it may have an oscillatory behavior. This instability is illustrated in numerical Example 3, Figures 5.6-5.7. However, it is possible to retain the stability of the nonlinear fields, and yet improve the resolution of contact discontinuities.
It can be done if one applies the latter approach (the less dissipative reconstruction) only to the linear field (s).
To this end, we implement the idea of partial characteristic décomposition, introduced in [22] in the context of the one-dimensional Euler équations of gas dynamics, 
4>2
The différence w n+ \ -u n^\ . can be written in a similar form, namely
We call (4.8), (4.9) a partial characteristic décomposition, since it isolâtes the characteristic projection on the contact field, and allows component-wise treatment of the other two fields. This enables us to treat linear and nonlinear fields separately and therefore it provides an additional degree of freedom -we may use different limiters for the different fields. It allows us to improve the resolution of contact waves without affecting the stability of shocks and raréfactions. Next, we employ the partial characteristic décomposition and use, for example, the slopes (2.10) for the nonlinear fields, and a less dissipative reconstruction for the lincar field. The performed numerical experirnents show that it is even possible to avoid the application of nonlinear limiters to the linear field, namely we can choose the following slopes s n "^3;,
which, together with (2.2)-(2.7), (2.9), complètes our fully-discrete scheme for the Euler équations (4.4). Substitution of (4.10) in (3.5) results in the semi-discrete scheme (3.4), (3.7) with a 1 1. In practice one may avoid the computation of u n^l r and u n *l t in (4.1) by replacing them in (4.8) and (4.9) with vJj+± and wj +l , respectively. This does not effect the overall accuracy of the fully-discrete scheme. Moreover, the performed numerical experiments illustrate an improvement of the resolution of contact discontinuities. 2. The same approach of partial characteristic décomposition can be used for any other strictly hyperbolic system with a known Roe matrix and at least one linear field. 3. If we set ut x -üj+\ and u~ x = üj in (3.7) and (4.12) (which is equivalent to setting s^ = 0 in (2.1)), the resulting first-order scheme (3.4), (3.7), (4.11)-(4.12) is similar to the first-order scheme from [4] . 4 . Notice that in contrast to the NT scheme (introduced in [22] ), where the partial characteristic décomposition is used both at the reconstruction and the évolution steps, the proposed schemes use it only for the computation of the slopes s n^\ . Therefore, the use of the partial characteristic décomposition in the presented schemes is computationally nonexpensive.
NUMERICAL EX AMPLES
In this section, we study the performance of the introduced fully-discrete (FD) scheme (2.2)-(2.7), (2.9), (4.10) and the semi-discrete (modified SD) scheme (3.4), (3.7), (4.11)-(4.12). They are tested on the onedimensional Euler équations (4.4) with 7 = 1.4, subject to different initial conditions, and are compared to the original NT scheme, the NT scheme that utilizes the partial characteristic décomposition (according to the recipe (4.19) and (4.21) in [22] ), and with the semi-discrete (SD) scheme, defined in (3.4), (4.3) . We use the CFL number 0.475 and 6 -1.3 (in the minmod limiter (2.2)) in all computations.
As expected, the numerical examples below clearly demonstrate that the FD and modified SD schemes give a better resolution of the contact waves.
Example 1: Steady contact discontinuity
We solve the system (4. which corresponds to a single steady contact discontinuity. We use 80 grid points and compute the solution at a final time T = 10. Figure 5 .1 shows the density, computed using the NT, the NT scheme with partial décomposition, and the SD scheme. The excessive numerical viscosity, present in all these schemes, does not allow a sharp resolution of the discontinuité In contrast, the FD scheme gives a much better resolution, and the modified SD scheme provides a perfect resolution of the steady contact wave (see Fig. 5 .
2).
Remark. This simple example, and the ones that follow (see Figs. 5.4-5.7), demonstrate that the partial characteristic décomposition in the context of the NT scheme does not provide a big improvement, unless it is used together with the ACM (see [20, 22] ).
Example 2: Moving contact discontinuity
We consider problem (4.4) on the interval [-0.1,0.9], subject to the initial data
which is an example of a single moving contact discontinuity. We compute the approximate solution at time T -8, using 200 grid points. The graph of the density is presented in Figure 5 .3, and it clearly illustrâtes the advantages of the FD and the modified SD schemes in this example.
Example 3: Lax problem
The Riemann problem with initial data The solution, computed by the FD scheme, is presented in Figures 5.11 -5.14. Compared with the modified SD scheme, our fully-discrete scheme provides much better resolution of the contact wave. This can be clearly seen in Figure 5 .12 -the modified SD scheme has twice as many points in the numerical contact layer as the FD scheme has. 0.9<z<l, and solid wall boundary conditions, applied to both ends. The example describes the interaction of blast waves and was proposed by Woodward and Colella in [26] .
We compute the solution at time levels T = 0.01, 0.03 and 0.038, using N = 400 grid points. A référence solution is computed by the FD scheme with N -3200 grid points and the least oscillatory minmod limiter (2.2) with 0 = 1. 
